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Abstract. The aim of the paper is to present through a contrastive analysis
the main models used in the analysis and design of horizontal axis wind turbines.
The basis for designing a rotor for a wind turbine, which is the main element of a
turbine that extracts energy from the wind, is the propeller theory. This theory
incorporates mathematical models that describe the movement of fluid around
the propeller. The paper presents three generically named models, model A,
model B and model C respectively, used in the analysis and design of the
horizontal axis wind turbine’s rotor.
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1. Introduction

One solution to the growing demand for electricity is to use renewable
energy sources and more exactly wind energy is mostly preferred over other
sources (Ajoko, 2016). In the design of wind turbines, an important task is to
design a turbine that extracts as much power as possible from the available
kinetic energy of the air flow. Most modern wind turbines are built with a
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horizontal-axis similar to the one seen in the Fig. 1. The hub and the blades of
the wind turbine are constructed with an aerodynamic design (Patel et al., 2013)
and when interacting with the wind the rotor begin to spin. The turbine shaft
spins with the blades and is the mechanism that transfers the
rotational/mechanical energy of the blades towards the electrical generator.

Generally for increase the rotational speed of the turbine shaft is used a
gearbox. The generator converts the mechanical energy from the wind into
electrical energy. The turbine tower contains wiring so the generator can send
electricity into a transformer or a battery which will eventually distribute usable
electric power.
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Fig. 1 — Overview of a wind turbine.

A brake is installed to prevent mechanical failure from high wind. The
main component that takes the energy of the wind and transforms it into
mechanical energy is the rotor (Chandrala et al., 2012). As a result, special
attention is paid in the design to the turbine blades (Tenguria et al., 2010).

2. Problem Description

At the basis of the design of the rotor of a wind turbine that transforms
the Kinetic energy of the wind into mechanical energy is the theory of the
propeller (Rathore et al., 2011). This theory incorporates mathematical models
that describe the movement of fluid around the propeller. The theory of the axial
rotor is not unitary, it is presented as a meeting of models and theoretical
variants that overlap on certain parts.
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The differences between these models are the result of simplifying
hypotheses and approximations as a result of which the general three-
dimensional motion is replaced by a simpler, approximate motion that uniquely
characterizes the essence of the theoretical core. In the case of the axial rotor we
can speak of the following models:

1. Models with infinite number of blades, which by neglecting the
periodicity lead to an axially symmetrical flow. These models are specific to the
free propeller.

2. The ideal propeller model, characterized by symmetrical axial motion
without tangential velocities.

3. Fictitious rotor model characterized by symmetrical axial motion
with tangential velocities

Neglecting the periodicity of the movement is to replace the real rotor
with a finite number of blades with a rotor with an infinite number of blades
with an infinitely small thickness. The swept surface will thus be confused with
the rotor and when crossing this surface both the speeds and the pressures will
show jumps (discontinuities).

The rotor with an infinite number of blades can therefore be assimilated
with an active disk. Adopting this point of view the active disk model will
naturally incorporate the models of the ideal propeller and the fictitious rotor.
The active disk theory consists of two parts: the fundamental part in which the
theoretical model is built and the part that connects to the real rotor through
appropriate corrections.

The action of the fluid on the active disk is completely determined if
the values of the induced velocities in three reference sections located at
infinite upstream, rotor plane and infinite downstream are known. As the
influence of the active disk is zero at infinity upstream the problem is reduced
to the connection between the values of the speeds induced in the plane of the
rotor and to infinity downstream within the range of influence (Chandrala et
al., 2012).

3. Design Models

Model A, based on Rankine and Froude's research, assimilates the
propeller with an active disk that can receive a certain amount of motion from
the fluid passing through it. The surface of the disk is considered perfectly
permeable and normal at each point of it to the current line passing through that
point. The model is based on the relationships that derive from the principles of
mass and momentum balance and the model of analysis is presented in Fig. 2.

The calculation model results from the analysis of the flow through the
domain determined by the rotation of the current line A, ApAs, Which passes
through the Ap end of the disk, around the axis of the disk O,,00;.
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Fig. 2 — Analysis model.

A rotating surface is thus obtained which separates the disturbed flow
from the presence of the disk (i.e. zone I-I1 in front of the disk and zone II-111
behind the disk) from the undisturbed movement from the outside (zone E).

The movement around the disc is characterized by an axially
symmetrical movement without tangential velocities. The speed field has the
following form:

vy () = Uy, —uy(x)
v, () =, (x) = 0 ()
vy () =uz(x) =0

The disk (propeller) captures energy from the movement of the fluid, so
the axial speed through the disk is less than the speed at infinity upstream. The
impulse equation, the continuity equation and the Bernoulli equation are applied
for the front and back sections of the disk, respectively. Assuming that the
infinite downstream pressure is equal to the upstream infinite pressure, the
power taken by the disk with the elementary area dS,=2nrdr; is:

dN(ry) = p(um — ul(ﬂ.rz))z;'rrzdrz (um — % 1, (o0, r3)) i, (0,13) (2

The power coefficient is obtained as a ratio between the power taken by
the disk and the power of the fluid in the area of the disk:

2 oo oo

KP(FZ) :2(1 —M)(l 1“'1 (w'r3)) iy (00'_;’3) (3)

In order to find the maximum value of the power coefficient for a
turbine, a connection relationship is required between the axial speed induced in
the rotor plane and the axial speed induced at infinity downstream.
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According to the model shown in Fig. 2, the available power in section |
is lower than the available power in section Il (because r, is smaller than r,).
Relating the power taken by the disk to the available power of the fluid in
section | we will find for the power coefficient the expression:

Ki(r;) = 2(1 = * 70 *

2Ugg Upg

This coefficient is maximum if u;(eo, r3) = u,, more precisely in these
conditions, the value of the coefficient is unitary. If we impose Ky(r,)=1,
respecting the condition that the speed induced at infinite downstream is equal
to the speed at infinite upstream, we obtain uy(0, r,) = 0, which corresponds in
the end with the absence of the rotor. This means that the limits (boundaries) of
the model have been exceeded. The model provides a good indication for
setting the power coefficient but not for blade design because it does not take
into account the shape of the propeller (blade).

Because for this model a constant velocity field in sections
perpendicular to the propeller axis was considered, a good approximation of
reality is made only in the case of a large number of blades, when the speed
induced at an arbitrary point of the blade does not differ too much from the
average speed.

Model B. If the additional hypothesis of neglecting the deformation of
the wake is added to the model described above, keeping the other working
hypotheses, the maximum power coefficient that can be used by a kinetic
turbine (Betz limit) can be determined. In this situation the working area
becomes cylindrical.

Fig. 3 — Cylindrical model of the field of analysis.

Since the domain is cylindrical, the areas of the elementary sections are
equal:

2mrydry = 2nr,dr, = 2nradrs (5)
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Under these conditions the equation of connection between the speed
induced in the plane of the disk and the speed induced at infinite downstream is:

“1('3-3'2):@ r=r=r (6)

Noting, k(r;) :@ we can rewrite the power coefficient
(relation 3) and it will have the expression:

Kp(r2) = 4k (r2)(1 — k(1)) ()

Imposing the maximum condition it is determined that it is met for
k(rz) = 1/3 and the maximum value of the coefficient is K(r,)= 0.59.

Model C. The speed of the real movement of the fluid in the propeller
track has three components: axial, radial and tangential. Models A and B are
based on the impulse method and do not take into account rotational motion.
The propeller is replaced by an active disk that causes a sudden increase in fluid
pressure without changing the axial velocity component as it passes through it.

The model presented below is based on the integral form of the
principles of mass, momentum and kinetic moment. It was initiated by
Jukowski and developed by Glauert and also takes into account the rotational
movement imprinted on the wake. The presence of this rotational motion is the
cause of an additional loss of energy.

The existence of the rotational movement implies the completion of the
role of the active disk with its possibility to induce a component tangential to
the speed of the fluid passing through it, the other components remaining
unchanged by the presence of the disk. The decrease of the static pressure when
crossing the disk is determined by the appearance of this tangential component
of the speed. Fig. 4 shows the distribution of angular velocities in which: ws-
angular velocity of fluid at infinite downstream, @, = @ - angular velocity
behind the disk and ., = 0 from infinite upstream to the front of the disk.

planul discului aval

amaonte

Fig. 4 — Angular velocity distribution.
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To determine the Glauert model, consider an annular elementary current
tube that intersects the disk along the circles of radius r and r + dr. Let V, and V,
respectively be the axial and radial components of the fluid velocity (Fig. 5).
Note with p; and p, the static pressures on the faces of the disk at radius r, with
Vi, the axial velocity component (Vi = 0) and with p; the wake pressure at
infinity downstream at a radius r; of the axis. The disk produces a disturbance
of the uniform and axial current from infinity upstream, namely in the area | in
front of the disk the fluid velocity has a radial and an axial component.

upstream  disk  downstream

Fig. 5 — The characteristics of the elementary domain.
Applying the continuity equation between sections | and 111 we have:
[";fdsp - Vgxd.Sg or [";C}”d}” - Vgxrgdrg (8)

and from the kinetic moment equation, between sections Il and 111 we have that:

wr? = warf 9)
Applying Bernoulli's equation between sections I-11 and [I-11l
respectively we obtain:
heo = Peo + 3 PVE = Py +3p(VE + V;2) (10)
1 2 2 2..2 1 2 2.2

h; = p, +EPU’} T+ rt)=p; +EP(V3x+wa?é) (11)

or making the difference between these relationships we have:

1

hew—hs =p; —ps =3 pw’r? (12)

This relation shows that the variation of the total pressure at the
traversing of the disk is less than the static pressure Ap = p;— p, by an amount
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which represents the kinetic energy of the rotational motion imprinted on the
propeller.

Relating the motion to the propeller blades rotating at angular velocity
Q, then the relative angular velocity will be Q + @ behind the disk and Q + w3
at infinite downstream. If it is assumed that the relative motion around the
blades is potential and preserves the velocity component in the radial plane,
then Bernoulli's equation written between the section in front of the disk and the
one behind the disk is:

a3
a%r=

P1+p—— =Pz +5(Q+ w)?r? (13)

Ap =py — P2 = p(Q + Hwr? (14)

Also from the previous relations it results:

ps — P =1ﬁ(V2—V2)—ﬁfﬂ r2(0+—2)
3 oo 2 oo 3x 313 2 (15)

It is considered a fluid element in the wake, (Fig. 6) with mass dm,
between the radii r; and r; + drs and supported by the angle at the center d6,
which rotates with the tangential velocity wars.

p; + dp;

Fig. 6 — The model of an element in the fluid stream.

The fluid element is in radial equilibrium (V3 = 0) so that the pressure
forces balance the centrifugal forces and neglecting small second order infinities

d}.a !(( %i 3 (16)
3

Deriving the relation (15) and equaling the result with the one given by
(16) we have:
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d [t d Wy
. [EP(VQE - Va%;)} o [Pwa?"zz (ﬁ + ?)] = pwiny (17)
1d d
L (V2_y2)= - 2
s V2 Vi) = (@ + 03) - (wsrd) )
The axial force has the expression:
dT = pViy (Voo — Vau)dS3 + (P — p3)dS; (19)

Since the axial force appears as a result of the pressure variation on the
disk we can write:

w
_ _ 2
dT = ApdS, = p(Q + z)mr ds,, 20)

From the equality of these two expressions for the axial force we have:

@+  (a+7)

1
E (Vm - VSx)Z = VSx[ Vasy V—x]m3r32 (21)

The coefficient of induced axial velocity (k) and induced angular
velocity (h) are defined:

VeV

k=2 (22)
N+w

h=— (23)

With the help of these equations, the connection between the axial
force, the propeller moment and the flow in zone Il is determined. The
equations deduced above are based on Glauert's theory, which is widely
accessible and perhaps the only one suitable for direct applications.

The model being sketched being laborious, certain approximations are
made based mainly on the fact that the angular velocity ws in the wake is
generally low. In the hypothesis p,, = ps, the equation of the elementary axial
force and the elementary moment is determined:

dT,, = prrdrV.2(1—k?) (24)

dM = prr3drV, (1 + k)Q = prridroV, (1 + k)(h— 1) (25)
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4, Conclusions

Model A provides a calculation relation for determining the power
coefficient. When making the model, a constant velocity field in sections
perpendicular to the propeller axis was considered, achieving a good
approximation of reality only in the case of a large number of blades. Because
the model does not take into account the shape of the propeller, it cannot be
used when designing the blades of the rotor.

In the model B is added the additional hypothesis of neglect of the wake
deformation, keeping the other working hypotheses of the model A. This can
determine the maximum power coefficient that can be used by a wind turbine.

For the calculation of a wind turbine it is recommended to use the
model C, imposing the condition of minimum energy loss, respectively
maximum power coefficient.
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STUDII ASUPRA MODELELOR DE PROIECTARE A TURBINELOR
EOLIENE CU AX ORIZONTAL

(Rezumat)

Scopul lucrarii este de a prezenta printr-o analizd contrastiva principalele
modele utilizate n analiza §i proiectarea turbinelor eoliene cu ax orizontal. La baza
proiectarii unui rotor de turbina eoliand, care este principalul element al unei turbine ce
extrage energia din vant, este teoria elicei. Tn lucrare sunt prezentate trei modele numite
generic, modelul A, modelul B si respectiv modelul C, utilizate in analiza si proiectarea
rotorului de turbina eoliana cu ax orizontal.



